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Abstract. The Analogical Transfer Principle, on which Case Base Pre-
diction relies, states that similarity in certain components, typically data
features, implies similarity in other components, typically data labels. It
has been implemented as a compatibility constraint both for prediction
tasks and, more recently, for similarity learning in the CCoSiL algorithm.
This paper proposes an in-depth study of this approach, conducting a
thorough experimental analysis to characterize its convergence and its
algorithmic complexity. The paper then proposes a generalized version,
named eXtended CCoSiL (XCoSiL), that disentangles two conceptual
roles dually played by the data. XCoSiL allows to decrease significantly
the computational cost, while maintaining or increasing the performance
as compared to CCoSiL.
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Learning · Case-Based Reasoning.

1 Introduction

Case Base Prediction (CBP, see e.g. [7, 2, 12] for surveys) solves machine learning
tasks, e.g. classification or regression, leveraging the Analogical Transfer Princi-
ple (ATP), according to which similarity in certain components (typically, data
features) implies similarity in others (typically, data labels). It is for instance
applied by the k-NN algorithm. The choice of similarity measures is crucial for
CBP, and it is thus connected the topic of Metric Learning (MeL) [4, 14]. Recent
work [5] proposed to exploit ATP, implemented as a compatibility constraint [1],
for Metric Learning, in the so-called Continuous Compatibility-based Similarity
Learning method (CCoSiL): this joint framework of CBP and MeL achieves the
objective of learning similarity measures tailored for specific CBP tasks.

This paper first conducts a thorough experimental analysis of CCoSiL proper-
ties, characterizing precisely its convergence, regarding the loss function, the ac-
curacy when combined with CBP classifiers and the obtained similarity measure,
its convergence speed and its algorithmic complexity. A precise interpretation of
the dual role played by the training data/case base within CCoSiL then leads us
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to the proposition of a generalized version, named eXtended Compatibility based
Similarity Learning (XCoSiL), that disentangles two conceptual data natures. It
allows to decrease significantly the computational cost while maintaining or even
increasing the performance as compared to CCoSiL, as empirically shown in the
conducted experiments.

Section 2 briefly reviews related works, Section 3 describes the experimental
analysis of CCoSiL properties. Section 4 presents the proposed XCoSiL algo-
rithm, experimentally studied in Section 5, before Section 6 concludes.

2 Context and Related Work

This section introduces the background of Metric Learning and reviews related
work on Case Base Prediction, detailing the CCoSiL method upon which this
paper contributions rely.

Metric Learning, MeL. MeL aims at learning appropriate metrics for ma-
chine learning tasks, e.g. classification, clustering or information retrieval. A large
variety of techniques have been proposed [4, 14], among which one can mention
e.g., linear, non-linear, local and histogram-based methods. Deep MeL employs
neural networks to project data into embedding spaces, leading to approaches
that can be categorized into pair-based methods using contrastive loss [8], triplet-
based methods [9], which aim at bringing similar samples closer while pushing
dissimilar samples apart, similarity cloud method [6] and clustering-based meth-
ods capturing global data structures [13]. Additional approaches e.g. integrate
unsupervised hyperbolic methods for hierarchical data [16].

In the case-based reasoning domain, it has e.g. been proposed to learn weights
to combine local measures in a data-driven approach [10]. The Large Margin
Nearest Neighbor (LMNN) method [15] learns the positive semi-definite matrix
that parametrizes the Mahalanobis distance to optimize k-NN performance.

Incompatibility-based CBP and Induced MeL. Among the large variety of
Case Base Prediction methods (see e.g. [7, 2, 12] for surveys), this section focuses
on incompatibility based ones, using the following notations: CB denotes a case
base composed of pairs c = (s, r) ∈ S ×R, where s ∈ S is the situation (i.e., the
input/features) and r ∈ R the corresponding outcome (i.e., the label/target).
The effectiveness of the analogical transfer crucially depends on two similarity
measures, σS : S × S → R+ and σR : R×R → R+.

The Analogical Transfer Principle (ATP) basically states that if two cases
have similar situations, according to σS , they should have similar outcomes, ac-
cording to σR. The latter is often predefined, e.g. as a binary outcome equality
check for classification tasks; in the following, we omit mentioning σR in the pa-
rameters. On the other hand, σS can be learned, in a metric learning framework.

The Compatibility-based Analogical Transfer algorithm (CoAT) [1] interprets
ATP as an ordinal constraint: it considers that a case triplet (ci, cj , ck) violates
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ATP according to the considered σS and σR measures if situation si is more
similar to sk than to sj but its outcome ri is more similar to rj than to rk.
This can be formalized as 1{σS(si, sk) − σS(si, sj))1{σR(ri, rj) > σR(ri, rk)}.
For a new situation s, it predicts the outcome r that minimizes the discrete
global incompatibility function that counts the number of such violating triplets
in CB∪{(s, r)}. This paper studies the continuous extension of CoAT called
CCoAT [5], that takes into account the violation extents, beyond their numbers:

Ext(ci, cj , ck;σS) :=max(0, σS(si, sk)−σS(si, sj))1{σR(ri, rj) > σR(ri, rk)} (1)

For a given case triplet (ci, cj , ck), Ext can be viewed as a local measure of the
incompatibility between σS and σR; reciprocally, for a given σS , Ext can be
viewed as the incompatibility between the three cases. Given a case (s, r) and a
data set Ds, the average local incompatibility can be interpreted in the energy
function framework [11], as shown in [3] and [5]:

E((s, r);σS ,D) :=
1

|D⊗(r)|
∑

(cj ,ck)∈D⊗(r)

Ext((s, r), cj , ck;σS) (2)

where D⊗(r) := {(cj , ck) ∈ D2 | rj = r, rk 6= r} (taking into account all triplets
using D ∪ {(s, r)} has been shown to be much more expensive for a comparable
performance [5]). D⊗(r) only contains so-called valid triplets (ci, cj , ck) such
that, denoting r the outcome associated to ci, cj also has outcome r whereas ck
has a different outcome [5]. E measures the violation extent averaged over such
valid triplets formed by the case (s, r) and D. As such, it can be viewed as a
global incompatibility, measuring either the incompatibility of (s, r) with D for
given σS and σR or the incompatibility of σS and σR at D level. Thus, it can be
utilized for both outcome prediction, in the CBP framework, and for σS learning,
in the MeL framework, resp. in the CCoAT and CCoSiL algorithms [5].

More precisely, in the CBP case, given D and σS , for a new situation s,
CCoAT predicts the outcome r that leads to the minimal energy E:

r̂ = CCoAT(s;σS ,D) := argmin
r∈R

E((s, r);σS ,D) (3)

In this CBP framework, D corresponds to the traditional case base, CB.
In the MeL case, for a given (s, r), the CCoSiL algorithm additionally con-

siders the energy gap between the correct and the incorrect outcomes, in a tra-
ditional loss form [11]:

` ((s, r);σS ,D) := ψ

(
E((s, r);σS ,D)− min

r′∈R\{r}
E((s, r′);σS ,D)

)
(4)

where ψ is an increasing function, e.g. the Minimum Classification Error (MCE)
loss ψM(x) = 1

1+e−x considered in the following. Then, givenD, CCoSiL learns σS
by minimizing the total loss, averaged over all cases in D:

L(σS ;D) :=
1

|D|
∑

(si,ri)∈D

` ((si, ri);σS ,D) (5)

σ̂S := CCoSiL(D) := argmin
σS

L(σS ;D) (6)
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Table 1. Dataset characteristics.

Iris User Breast PIMA Wine Seeds Waveform (WF)
# Features 4 5 30 8 13 7 21
# Classes 3 4 2 2 3 3 3
# Points 150 403 569 768 178 210 5000

where σS is considered as parametrized by θ ∈ Θ in practice, thus the mini-
mum in Eq. (6) is searched over the parameter space Θ. In this framework, D
corresponds to the training data of the metric learning task.

When CCoSiL is applied to optimize the performance of a CBP classifier,
e.g. CCoAT, the latter can be written as CCoAT(s; CCoSiL(D),D), highlighting
the fact that D simultaneously plays the role of case base for the CBP step and
training set for the MeL step.

3 Experimental Analysis of CCoSiL

This section proposes an experimental analysis of CCoSiL properties: it shows
that CCoSiL loss function converges as training progresses and is closely asso-
ciated with improvement in classification performance. In addition, it provides
evidence for the convergence speed and consistency of the learned similarity
measure. Finally, the algorithmic complexity of CCoSiL is studied.

The experimental setup reproduces the one in [5], comparing CCoSiL with
the reference LMNN [15]. The aim is to learn σS , defined as the opposite of the
Mahalanobis distance ‖L>(si − sj)‖22, parameterized with θ = L. Experiments
are conducted using 10-fold cross-validation, i.e. setting CB = D = 90% of the
dataset, for the 7 UCI datasets whose characteristics are shown in Tab. 1.

3.1 Loss and Accuracy Convergence

Figure 1 shows the evolution of the loss value (blue curve), the accuracy on the
training (green) and test data (red) along training epochs, with their standard
deviations computed on the cross-validation folds. The first 7 graphs (in the
upper part) show the results for CCoSiL, the lower part, commented in Sec. 5,
shows them for the XCoSiL method proposed in Sec. 4, to ease the comparison.

As the blue curves in the upper part of Fig 1 show, the loss function of
CCoSiL exhibits a clear downward trend across most datasets: it shows a con-
tinuous, smooth, and convex downward trend within 50 epochs, indicating that
the convergence stabilizes. A detailed examination of the exceptions (Breast Can-
cer, PIMA and Waveform) reveals that the loss values decrease rapidly within 5
epochs, and present an oscillatory behavior later on.

The classification accuracy on the training set (green) exhibits a steady up-
ward trend, and, for the test set (red), generally shows an upward trend, albeit
with more volatility. On Breast Cancer, PIMA, Wine and Waveform, the accu-
racies on test sets show an even higher volatility and reach their peaks within
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Fig. 1. Losses (blue) and accuracies on train (green) and test sets (red) along training
epochs on UCI datasets using CCoSiL (upper) and XCoSiL (lower).

the first 5 epochs, which is consistent with the rapid decline of the loss values
in the same period. In practice, one may use early stopping to terminate the
training process at its peak. We leave this possibility as a direction for future
work and, for the purpose of trend analysis, we keep training for 50 epochs.

3.2 Learned Metric Convergence

This section studies the learned similarity measure, examining its convergence
and speed. Let θ̂D,Ci,j denote the matrix learned on dataset D using MeL config-
uration C at the j-th epoch of the i-th fold of the cross-validation.

Convergence Consistency. We first examine the consistency of the final ma-
trices across different folds, testing whether θ̂D,Ci,50 ≈ θ̂D,Ci′,50 holds for all cross
validation folds i, i′ between 1 and 10. The matrices θ̂ are vectorized and com-
pared through their cosine similarity, averaged across all i, i′:

Cos
(
θ̂D,Ci,50 , θ̂

D,C
i′,50

)
:=
〈
vec
(
θ̂D,Ci,50

)
, vec

(
θ̂D,Ci′,50

)〉
/
(∥∥∥vec(θ̂D,Ci,50

)∥∥∥
2
·
∥∥∥vec(θ̂D,Ci′,50

)∥∥∥
2

)
This choice is motivated by its scale invariance and directional sensitivity. Indeed,
the scale of the Mahalanobis distance does not influence the classification results
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Table 2. Average cosine similarities between learned matrices over folds.

MeL Iris User Breast PIMA Wine Seeds WF
LMNN 0.9818 0.9983 0.9316 0.9978 0.9310 0.9662 0.9994
CCoSiL 0.9889 0.9912 0.8978 0.9766 0.9859 0.9835 0.9280
XCoSiL 0.9882 0.9325 0.9227 0.9704 0.9856 0.9862 0.9939

(i.e., matrices θ and c · θ for c > 0 yield identical results). Furthermore, being
bounded, its numerical values are easy to interpret and compare.

The results presented in Table 2 show that the learned parameters θ̂ by
CCoSiL across different folds exhibit a high consistency on all datasets except
for Breast Cancer: the average cosine similarity almost always exceeds 0.95 and
many values approach 1, in addition they are always higher than the ones ob-
tained by LMNN. Breast Cancer is the only dataset with value (slightly) lower
than 0.9. This is most likely because CCoSiL’s rapid convergence causes θ̂ to
reach an optimal plateau within the first few epochs, as discussed above. There-
fore, after more than 40 epochs of fluctuations, θ̂ varies across folds.

Convergence Speed To investigate the convergence speed of the MeL process
in CCoSiL, we utilize the Frobenius norm ‖ · ‖F to calculate, in each fold, the
variation of the θ matrix from one epoch to the following one. Specifically, for all
epochs j in {2, . . . 50}, we calculate∆θ̂D,Ci,j :=

∥∥∥θ̂D,Ci,j − θ̂
D,C
i,j−1

∥∥∥
F
. Here, we use the

Frobenius norm over cosine similarity because, for space Rd×d where θ̂ resides,
it forms a complete normed vector space: ∆θ̂D,Ci,j converges to 0 if and only if
the sequence θ̂D,Ci,j for all j converges. This implies that observing the evolution
of ∆θ̂D,Ci,j with respect to j allows to analyze the MeL process convergence.

The black curves in the upper left part of Fig. 2 show that for 6 out of 7
datasets,∆θ̂D,Ci,j decreases as j increases, which indicates that θ̂ tends to converge
as training progresses. For Waveform,∆θ̂D,Ci,j augments with high volatility. Con-
sidering the fact that the accuracy on the corresponding test set reaches its peak
after the second epoch, we presume that the MeL process has already reached
a local optimal plateau at this point, while the Adam optimizer continues to
update θ̂ with high volatility attempting to escape the plateau.

In order to characterize the convergence speed more precisely, we fit the
curves using the Bayesian Information Criterion (BIC) to select the most appro-
priate function type among 5 possibilities: (i) Sub-polynomial: f(j) = −α log(j)+
β; (ii) Polynomial: f(j) = j−α + β; (iii) Intermediate: f(j) = −αe−γj + β,
with γ ∈ (0, 1); (iv) Exponential: f(j) = −αej + β; (v) Super-exponential:
f(j) = −αeγj + β, with γ > 1.

The best fit is shown as red curve in Fig. 2 with its parameters and R2 value
in the right part of the figure. For all datasets except Breast Cancer and PIMA,
the R2 values are close to 1, indicating a good fit. For the two exceptions, it
is lower than 0.9, which can be explained by the previous analysis according to
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Fig. 2. Similarity measure convergence speed for CCoSiL (7 upper graphs) and XCoSiL
(7 lower graphs): (black) Frobenius distance between successive parameter values, (red)
best fit whose parameters are in the table on the right.

which the effective learning period occurs within the first 5 epochs. The results
thus report the best fit on the first 5 epochs. For Waveform, the previous analysis
showed an even shorter effective learning period, limited to the first 2 epochs, the
later ones bringing little loss decrease. They appear to increase the differences
between the successive parameter values, leading to a divergent behavior in terms
of similarity metric, advocating for the integration of an early stopping criterion,
as already mentioned. The right part of Fig. 2 shows that, on most datasets,
the learning process exhibits a rapid convergence rate, typically higher than
polynomial convergence, or even super-exponential convergence. This suggests
that CCoSiL possesses favorable convergence performance in MeL.

Combined with the analysis of the loss function and accuracies, this exper-
imental analysis allows to conclude that the CCoSiL loss function effectively
guides the MeL process to enhance classification performance. In some case,
it can suffer from local optimal plateaus, but generally the parameter matrix
converges to a stable state with a favorable convergence rate.



8 C. Fan et al.

3.3 Algorithmic Complexity

Computational complexity. CCoSiL has a cubic computation complexity,
as the computation amount of Ext per epoch is O(n3), denoting n = |D|. In-
deed, computing L(σS ;D) (Eq. (5)) requires a double summation over triples
(ci, cj , ck): it iterates over ci ∈ D and, for each of them, `(ci;σS ,D) iterates
over (cj , ck) ∈ D⊗(ri) due to E expression (Eq. (2)). For a classification task
with K classes (i.e. |R| = K) and n = n/K average number of cases per class,
|D⊗(ri)| = n× (K− 1)n = n2(K− 1)/K2 = O(n2). Therefore, the total number
of computations of Ext is O(n3).

Spatial complexity. Due to the large volume of triple calculations, modern
machine learning frameworks (e.g., pytorch) typically employ parallel comput-
ing to accelerate the training process. However, the parallel computing in CCoSiL
also entails a high spatial complexity: calculating E((si, ri);σS ,D) requires stor-
ing the Ext values for all (cj , ck) ∈ D⊗(ri), which is O(n2). Therefore, training
simultaneously b data in a batch leads to a O(b · n2) overall spatial complexity.

To avoid memory overflow caused by quadratic spatial complexity, the CCoSiL
code adopts a compromise: the calculation of E((si, r);σS ,D) is parallelized, but
for each batch, the code forces the computation of the energy corresponding to
only one (si, r) at a time. While this reduces the spatial complexity, it also
sacrifices a portion of the overall computational efficiency.

4 Proposition of XCoSiL

This section proposes a generalized version of CCoSiL, named XCoSiL for eX-
tended Compatibility based Similarity Learning. It is based on a thorough inter-
pretation of the roles played by the cases involved in Ext (Eq. 1). Distinguishing
between 2 roles allows to separate the cases into 2 data sets and consequently
to decrease the computational cost of the approach, as discussed below.

4.1 Proposed Loss Function

In the local incompatibility function Ext defined in Eq. (1), the first case, ci,
plays a different role from the two other ones, cj and ck, that have a symmetrical
status (indeed, σS(si, sj) − σS(si, sk) = −(σS(si, sk) − σS(si, sj)), the same
applies to σR): ci serves as a subject to be compared with cj and ck used as
references to evaluate the extent of the ATP violation. This difference can also
be observed in the definition of the energy function E (see Eq. 2) that highlights
the fact that (s, r) may be taken from a set different from D.

Therefore, we propose to modify the definition of the loss function defined in
Eq. (5), to average on cases (s, r) from a set D1 that may differ from the set D2

used to compute the local incompatibilities in function Ext, used in the energy
function E (Eq. (2)) on which ` (Eq. (4)) depends:

L(σS ;D1,D2) :=
1

|D1|
∑

(si,ri)∈D1

` ((si, ri);σS ,D2) (7)
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We keep the notation L, changing the number of parameters it takes. Minimiz-
ing L(σS ;D1,D2) allows to find the similarity measure σS that maximizes the
average energy gap between the correct and the incorrect outcomes for cases
in D1, relative to the reference cases in D2.

The constraints regarding the choices of D1 and D2 and their required rela-
tionships raises interesting questions. Following the above discussion, D2, that
corresponds to reference cases, needs to contain high quality data that may for
instance be selected by an expert, allowing for a knowledge-driven component in
the MeL task. Obviously, an inappropriate choice for D2, e.g. containing noisy
data, would prevent from learning a meaningful similarity measure. On the other
hand, D1 needs to be representative of the data that will be processed after the
learning step has been completed, featuring a data-driven component. It may
be the case that they satisfy an inclusion relation (D2 ⊂ D1) or that they are
distinct (D2∩D1 = ∅). Still, they both need to be related to the real distribution
of the unknown cases, but it is not required that D2 contains i.i.d. data.

This distinction aligns with the common understanding of training set in ma-
chine learning and case base in CBP: in machine learning, the training set (D1)
typically requires i.i.d. condition to reflect the real distribution of the unknown
cases; on the other hand, in CBP, the case base CB can be expert-selected as
reference in prediction inference, which is a natural source of D2 when combin-
ing XCoSiL with CBP. Hence, the two datasets, respectively taking the roles
of training set and reference set, can make XCoSiL a both data-driven and
knowledge-driven learning framework, naturally adapted to optimize the perfor-
mance of CBP classifiers.

4.2 Complexity Analysis

The most direct benefit of distinguishing between D1 and D2 is the enhanced
flexibility in controlling the complexity. Indeed, denoting n1 = |D1| and n2 =
|D2|, the computational complexity of L(σS ;D1,D2) is O(n1 ·n22), corresponding
to the number of computations of Ext(ci, cj , ck) per epoch, as the reference cases
(cj , ck) iterate over the O(n22)-sized set D⊗2 (r). Now, in the expected case where
n2 � n1, this quantity is much smaller than the O(|D|3) complexity of CCoSiL.

Furthermore, for a single case c, the computational complexity of calculating
E(c;σS ,D2) is O(n22), i.e. it only depends on the size of the reference set. When
n2 � n1, this low spatial complexity enables XCoSiL to further parallelize the
computation of more energy functions, e.g. simultaneously calculating them for
multiple cases within the same batch, thereby enhancing overall training effi-
ciency.

5 Experimental Analysis of XCoSiL

We conduct experiments to study empirically the algorithmic complexity of
XCoSiL as compared to CCoSiL, to compare the relevance of the similarity mea-
sures, in terms of the accuracy it leads to when combined with CBP classifiers
and to examine its performance in terms of convergence and stability.
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Fig. 3. Illustration of the DS built for a two dimension data set, that contains the 8
points represented as pink and brown triangles.

5.1 Experimental Protocol

Given a training set denoted T and situations s taken from a test set, we compare
the 6 following configurations: defining CB, D,D1 and D2 from T as discussed
and justified below, for a a prediction algorithm CBP ∈ {k-NN,CCoAT} and a
metric learning algorithm MeL ∈ {LMNN,CCoSiL}, we consider
– CBP(s, MeL(D), CB), that leads to 4 combinations (see below)
– CBP(s, XCoSiL (D1,D2), CB)
– CBP(s, Id, CB), that corresponds to the reference configuration based on the

Euclidean distance (the MeL step denoted Init in the result table Tab. 3).
The experiments are conducted on the UCI benchmark data used in Sec. 3, split
into training and test sets in a classical 10-fold cross-validation setting.

We first discuss the definition of D2, interpreted as a high-quality reference
set (see Sec. 4.1). In order to simulate expert knowledge, we propose to build
a reference set DS containing representative points as follows: we assume that
T can be considered as drawn from a Gaussian mixture distribution, whose pa-
rameters can be estimated from T . For a chosen significance level α ∈ (0, 1), DS
is defined as containing, for each class r, the boundary points of the projection
of 100 · α% central region of this distribution onto each dimension. They can
be computed analytically (formula omitted for space constraints) and are illus-
trated, for a toy data set in Fig. 3. Denoting K and d the number of classes and
of features resp., |DS | = 2 ·K · d. For the considered 7 data sets, see Tab. 1, it
ranges from 24 to 126, whereas |T | ranges from 135 to 4500, for Iris and Wave-
form resp. We then set D2 = DS and D1 = T (note that, with probability 1,
D1 ∩ D2 = ∅).

As discussed in Sec. 4.1, based on the interpretation of their respective roles,
CB is expected to be equal to D2, leading to set CB = DS. However, in order
to test the generality of the proposed learning process, we additionally examine
the results obtained when setting CB = T .

Finally, regarding D, used by the MeL competitors LMNN and CCoSiL, we
examine 3 configurations: DS, T and DS∪T . The latter ensures fairness, insofar
as it provides the competitors with the exact same information as XCoSiL. We
do not consider setting D to DS, as the latter does not contain enough data.
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Fig. 4. Training time of CCoSiL and XCoSiL on normal scale (left) and log-log scale
(right) for synthetic Gaussian datasets.

5.2 Empirical Complexity Analysis

In order to compare empirically the computational time of CCoSiL and XCoSiL,
we consider synthetic data, generated as five classes with Gaussian distribution
with 10 features, varying the number of points T contains, along a geometric
sequence with 22 points from 100 to 18000. The results are shown in Fig. 4.

For XCoSiL, excluding the fluctuation at n = 100, the slope of fitting line is
approximately 0.98. This observation is consistent with the previously analysis:
since n2 = |DS| = 2Kd is a constant independent of n, with n1 = n, the overall
computational complexity of XCoSiL O(n1n

2
2) = O(n).

For CCoSiL, the largest configuration with 18000 points cannot be processed
due to the high spatial complexity (see Sec. 3.3). The fitting lines is decomposed
into two parts, with slopes approximately 1.01 (resp. 2.15) at smaller (resp.
larger) scales and further increases, because the CCoSiL implementation lever-
ages parallel computing for individual energy function evaluations to mitigate
time cost. Once the data size exceeds a certain threshold, such that the single-
pass capacity of the parallel processing units, the time complexity gradually
converges toward the theoretical computational complexity of O(n3).

5.3 Accuracy Analysis

The experimental results of classification accuracy are summarized in Tab. 3.
As detailed in the following, they show that XCoSiL effectively learns similarity
metrics that are well-adapted to the characteristics of DS and that its competi-
tive accuracy with CCoAT(DS) stems from its hybrid learning mode.

Considering the overall best accuracy achieved by each MeL method across all
classifiers and datasets, we first observe that XCoSiL(T , DS) with CCoAT(DS)
achieves a competitive average accuracy of 91.20%, which is only 0.15 ppt. lower
than the best combination, CCoSiL(DS∪T ) with CCoAT(T ), with the advantage
of a highly reduced computational time, both at the MeL and the CBP levels.
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Table 3. Classification accuracy (%) of various combinations of CBP and MeL algo-
rithms for various input data sets, under 10-fold cross-validation. The best results in
each block (resp. each colum) are in bold (resp. bold and underlined).

Classifier MeL Iris User Breast PIMA Wine Seeds WF Avg.

k-NN
(DS)

Init 95.33 72.67 74.86 72.79 96.05 88.57 67.22 81.07
LMNN(T ) 94.67 93.03 78.20 72.39 97.19 93.33 67.76 85.22
LMNN(DS ∪ T ) 94.67 93.03 78.20 72.39 97.19 93.33 67.90 85.24
CCoSiL(T ) 94.67 96.02 53.10 75.26 97.22 91.90 75.90 83.44
CCoSiL(DS ∪ T ) 94.67 96.52 55.03 75.26 97.22 92.86 76.54 84.01
XCoSiL(T , DS) 94.67 95.28 52.21 73.18 97.78 91.90 76.78 83.11

CCoAT
(DS)

Init 85.33 72.18 67.83 74.86 92.19 91.90 63.52 78.26
LMNN(T ) 94.67 91.27 74.33 74.48 99.44 92.38 63.54 84.30
LMNN(DS ∪ T ) 94.67 91.27 74.33 74.48 99.44 92.38 63.54 84.30
CCoSiL(T ) 96.00 96.51 92.10 75.78 97.19 93.33 74.48 89.34
CCoSiL(DS ∪ T ) 96.00 96.51 93.15 75.78 98.33 92.86 73.40 89.43
XCoSiL(T , DS) 96.00 96.02 95.08 77.47 96.63 91.90 85.28 91.20

k-NN
(T )

Init 94.00 83.12 97.01 73.83 95.56 91.90 79.82 87.89
LMNN(T ) 95.33 92.55 96.48 74.10 99.44 92.86 79.94 90.10
LMNN(DS ∪ T ) 95.33 93.04 96.31 74.23 98.33 94.29 79.96 90.21
CCoSiL(T ) 93.33 95.29 96.14 71.10 97.78 92.38 83.74 89.97
CCoSiL(DS ∪ T ) 94.00 95.54 95.61 72.28 98.33 92.86 83.74 90.34
XCoSiL(T , DS) 93.33 95.28 95.96 71.61 96.63 91.90 82.64 89.62

CCoAT
(T )

Init 84.67 62.24 89.80 75.13 90.52 92.38 75.26 81.43
LMNN(T ) 94.00 87.06 92.62 74.48 99.44 91.43 75.94 87.85
LMNN(DS ∪ T ) 94.00 87.07 92.79 74.21 97.22 92.38 75.90 87.65
CCoSiL(T ) 95.33 95.03 95.25 76.95 97.75 92.86 85.14 91.19
CCoSiL(DS ∪ T ) 96.00 95.52 95.26 77.21 98.33 92.38 84.70 91.34
XCoSiL(T , DS) 95.33 92.29 95.60 75.13 97.75 92.86 84.62 90.51

More precisely, the former outperforms the latter on 3 datasets, is outperformed
on 3 datasets and tied on 1, showing they can be considered as equivalent. Both
configurations outperform LMNN with either k-NN or CCoAT.

Impact of DS We examine the impact of DS, to study whether the relevance
of XCoSiL is due to these reference data. At MeL level, it can be observed that
using DS ∪ T generally has a very limited impact, for LMNN as for CCoSiL,
as compared to T , whatever CBP algorithm is used. This indicates that, as ex-
pected, the DS addition does not as such provide significantly useful information
for MeL. Indeed, in the considered experimental setting, DS is derived from T .

At classification level, taking DS as CB generally leads to a lower accuracy
for both k-NN and CCoAT across all tested MeL methods, except XCoSiL. This
can be explained by the fact that the built DS can be too extreme to be used as
CB: it may not contain enough points to represent the data complexity and the
basic Gaussian mixture assumption may not hold. This is especially noticeable
for k-NN that appears more affected by the choice of CB than CCoAT.
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Table 4. Comparison of the similarity metrics learned by XCoSiL and CCoSiL.

Cosine Similarity Iris User Breast PIMA Wine Seeds WF
XCoSiL(T , DS) vs. CCoSiL(T ) 0.999 0.877 0.956 0.974 0.996 0.998 0.745

XCoSiL(DS ∪ T , DS) vs. CCoSiL(DS ∪ T ) 0.993 0.870 0.955 0.970 0.986 0.973 0.748

Impact of the classifier We study the impact of the CBP classifier used af-
ter XCoSiL, to examine whether XCoSiL is general or dedicated to a specific
classifier, as compared to the other MeL algorithms. In the less favorable config-
uration where CB = DS, k-NN with XCoSiL achieves an average accuracy lower
than CCoSiL and much lower than LMNN. In contrast, CCoAT with XCoSiL
achieves the highest average accuracy among all tested MeL methods. Further-
more, XCoSiL with CCoAT achieves a significant improvement compared to
other best configurations: it outperforms CCoSiL(DS ∪ T ) with CCoAT by 1.76
ppt. and LMNN(DS ∪ T ) with k-NN by 5.95 ppt. This suggests that XCoSiL
can effectively leverage the selected reference set DS to learn metrics that are
particularly well-suited for prediction using DS.

In the favorable configuration where CB = T , for k-NN, XCoSiL achieves a
slightly lower average accuracy than CCoSiL and LMNN; for CCoAT, it achieves
an average accuracy slightly lower than CCoSiL but higher than LMNN. Over-
all, with CCoAT it still achieves competitive accuracy compared to LMNN with
k-NN and slightly lower than CCoSiL with CCoAT. This indicates that in ad-
dition to a significant reduction in algorithmic complexity, XCoSiL can learn an
effective similarity metrics comparable to those learned by traditional methods.

5.4 Convergence Analysis

Tab. 4 shows the Cosine Similarity of the metrics learned by XCoSiL and CCoSiL:
they are very close one to another, with values greater than 0.9, except for User
and Waveform, showing that they globally agree on the learned metrics.

In addition, we conduct the same analysis of loss evolution and convergence
described in Sec. 3 and shown on the 7 lower graphs of Fig. 1 and 2. XCoSiL
shows a very similar pattern to that of CCoSiL, except for the Waveform dataset,
where it exhibits a smoother loss decrease and accuracy increase. XCoSiL also
demonstrates a convergence speed very similar to that of CCoSiL.

6 Conclusion

This paper studied compatibility-based metric learning, conducting an experi-
mental analysis of the CCoSiL method and proposing a generalized approach
XCoSiL: while CCoSiL exhibits desirable convergence properties, it overloads
the datasets with different conceptual roles. The dual source principle of XCoSiL
disentangles them, distinguishing between a training role, to reflect the data dis-
tribution, and a reference role, to provide representative cases. The conducted
experiments demonstrate that, as compared to LMNN and CCoSiL, XCoSiL is
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able to learn competitive similarity measures even with a small reference set,
that allows to decrease significantly the computational cost: by combining the
quantity advantage of a large training set and the quality advantage of a selected
reference set, XCoSiL allows the integration of expert knowledge to enable effi-
cient learning with lower computational cost.

This approach raises the crucial question of the reference set DS definition:
applying XCoSiL to real CBP tasks may allow for building DS integrating expert
knowledge. The proposition of strategies to take into account several expressions
of expert knowledge, as well as the development of data driven strategies when
no expert is available, constitute research directions to further improve compa-
tibility based metric learning that leverage the Analogical Transfer Principle.
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